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By N. Goodier and W, T. Thomson 

I, SIMILARITY PRINCIPLES FOR STRUCTURAL AND DYNAMICAL MODELS 

SUMMARY 



A systematic account is given in part I of the use 
of dimensional analysis in constructing similarity con- 
ditions for models and structures. The analysis covers 
4 large deflections, 'buckling, plastic "behavior, and ma- 

terials with nonlinear stress-strain characteristics, as 
well as the simpler structural prol^lems. 



1, INTRODUCTION 



Similarity principles for guidance and interpreta- 
tion of model tests in engineering frequently have heen 
based on the differential equations of the prolDlem or on 
more or less intuitive conceptions of what similarity 
means, as, for example, in fluid mechanics when similarity 
is taken to mean that the ratios of inertia, viscous, and 
gravity forces at corresponding points are the same, or 
that the streamline patterns are geometrically similar. 
It is now recognized, however, that it is much more satis- 
factory to apply the general dimensional analysis of E. 
Buckingham (reference 1) and P. Bridgman (reference 2). 
This method has "been thoroughly developed in general phys- 
ics and fluid mechanics, tut apparently not in structural 
mechani c s • 

The question as to what is meant hy structural sim- 
ilarity frequently can be answered in a very simple manner. 
But the complications implied "by the use of several mate- 
rials in a single structure, the use of models not made 
of the same material as the prototype, buckling and 
related behavior, plastic flow, thermal stress, and the 
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Various com'binati ons of these, 'besides the problems of 
fluid-structure c om"binat i ons , as for instance in dams, 
wind vihrations in suspension >)ridges, and flutter, re- 
quire an analysis more comprehensive than immediate in- 
tuitive notions can well supply. Such an analysis can 
he as readily made, hy the methods of Buckingham and 
Bridgman, in solid mechanics, or for solid plus fluid 
problems, as in fluid mechanics. Nonlinear problems, 
buckling criterions, plastic flow, all can be dealt with, 
although at first sight the lack of adequately defined 
physical constants to characterize the inelastic prop- 
erties of materials seems to put obstacles in the way of 
dimensional analysis, with its primary requirement that 
a list of symbols concerned be drawn up. 

The author is indebted to Drs. Tuckerman, Ramberg, 
and Osgood for the suggestion that an investigation of 
similarity und^r affine stress-strain relations would be 
desirable. 



2, DIMENSIONAL ANALYSIS AND SIMILARITY PRINCIPLES - 
NONDIMENSIONAL Q,UANTITIES - DIMENSIONAL CONSTANTS 

Only a brief introductory account of dimensional 
analysis is given here. For a full account the reader is 
referred to references 1 and 2. 

As Bridgman (reference 2) emphasizes, the first ob- 
ject of dimensional analysis is to make sure that the 
formula for a required quantity, as the solution of a 
definite physical problem, will be valid no matter what 
system of units is used to give numerical values to the 
quantities concerned, just as the bending stress formula 

a = Mc/l yields the same physical stress in tons per 

square foot, if tons and feet are used as units for M, 
c, and I, as it does in pounds per square inch, if 
pounds and inches are used as units. 

This validity in all unit systems is, of course, 

' ' ' ^ I . ^ u 

equally well expressed by the statement that is the 

same in all unit systems^ and this is what is meant by 
'^dimensionless • " 
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Let the list of symlDols concerned in a problem "be 
^1 f X2 , X3 - - being sought in terms of the others. 

There usually will be several dimensi onless groups (prod- 
ucts of powers of the symbols), say ri^, and so 
forth, and it may be shown that the number of independent 
groups is equal to the number of original symbols less 
the number of fundamental units, Buckingham's n-theorem 
states that, when there ia only one relation between the 
symbols, it must, in order to be valid in all unit systems, 
take the form 

IT, - f (n^, IT3, ) (1) 

with f( ) as a constant if there is only one dimension- 
less group ri,. When there is more than one relation be- 
tween the symbols, the requirement of validity in all 
unit systems can be satisfied without dimensional homoge- 
neity, as Bridgman illustrates by adding v = gt to 
s - 2*^*^ obtain v + s = gt 4- ^gt^. 

The problem contemplated so far is the following: 
Given a set of symbols, representing the numerical meas- 
ures of the corresponding physical quantities (as soon as 
a unit system is selected), what restrictions on the 
functional relation between them are implied by the re- 
quirement that it shall be valid in all unit systems? In 
contemplating a change of units, of course, only a single 
feature of a definite physical system is considered - for 
example, the stress of a given kind at a given point of a 
given structure with given loads. This, however, is to 
be obtained from a formula of the type of equation (l). 
In such a formula it is supposed that all quantities^ 
which may be represented by variable numbers, including 
physical variables and physical "constants" which may 
change in numerical value with change of unit system, and 
so are not di mens i onl e s s , are represented by symbols^ 
The functional relation then holds for variations of its 
arguments, no matter how produced. The form (equation 
(1)) so arranges the relation that in fact no variations 
in the n's, and thus in the value of the function, 
occur when the numerical value of the original symbols 
changes by change of unit system. 

But the functional relation (equation (1)) is valid 
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for all values of the symbols in the ranges permitted hy 
physical considerations, just as ol/Uc =1 is valid for 
all permitted values of a, 1^ M, c. Changes can thus be 
contemplated in the values of the symbols corresponding 
not to a change of units for a given physical system^ say 
a structure with given loads, but to a passage from this 
to another structure with other loads, of course, within 
the class of structures and loads covered by the contem- 
plated formula, as, for instance, the class of beams and 
loads covered by al/Mc 1* Then without knowing the 
functional form f in equation (l), it can be said that 
if the groups lis. TL^ - - in equation (l) have the 
same values in the two systems, then f( ) and therefore 
will have the same value for the two systems.^ The 

equality of the grgups in f( ) thus provides a set of 
'Similarity conditions" governing the construction of a 
model, and equality of the n^^s for model and structure 
then provides a similarity relation by which a measure- 
ment on the model can be made to yield the corresponding 
quantity for the structure. This analysis is applied in 
what follows to various types of structural problem. 

In making such applications it is necessary, of 
course, to be able to assign •'dimensions'* to all quanti- 
ties concerned^ An angle is commonly regarded as a di- 
mensionless quantity, radian measure being obtained by 
dividing length by length* The significance of "dimen- 
sionless*^ here is merely that radian measure does not 
change when the length unit is changed^ But "angle'* is 
not dimensi onless if changes to degrees or revolutions 
are contemplated, and such changes should, of course, be 
considered if anything can be deduced therefrom. This is 
sometimes the case, as appears later. However, if this 
is done, the equation relating angular measure 6 to arc 
s and radius r must be written 

e = c f- (2) 

Where C has the value 1 when the radian is the angular 
unit, when the degree is the unit, and so on. 

TT 

■ ^This assumes that the function is single-valued in 
all its arguments. Stress is not a single-valued function 
of strain beyond the elastic range, where the curve of 
rising stress is not the same as the curve of falling 
stress. Thus, results based on such a relation are not 
necessarily subject to the present analysis. This is dis- 
cussed further in sec. 8. 
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Otherwise any calculation involving such a relation is 
not valid in all unit systems. The "constant" C is a 
"dimensional constant'* and has the dimension of an angle* 

Strain, as inches extension per inch of length, or 
centimeters per centimeter, and so on, is also commonly 
treated as dimens i onl e s s . It can, however, also he meas- 
ured in centimeters per inch, or if the use of two length 
units is oh ject ionahle , in any arbitrary unit such a?^ the 
"micr ostrain " - 1 0~ ^ centimeter per centimeter. It is 
then necessary to write the strain e in terms of ex- 
tension 6 on a length I as 

e = C 4- ^3) 



where C is a dimensional constant, having the same di- 
mension as strain, with the value 1 when strain is meas- 
ured in the usual manner. 

Dimensional constants of this kind, as well as "phys- 
ical constants," must he included in the list of symbols 
for any problem the solution of which requires the equa- 
tion in which they occur. For the final formula will not, 
in general, be valid in all unit systems unless the equa- 
tions used in deriving it had this property. Of course, 
the C of equation (2) usually is not included in dimen- 
sional analyses. It usually is fixed as unity by the^ 
tacit decision not to consider any change of angle unit 
from the radian. As will appear in a later section, the 
omission of the C of equation (3) from an inelastic 
structural problem, thus preventing the consideration of 
any change of strain unit, may result in the deduction of 
unnecessarily restricted similarity conditions^ 



3, SIhlLARITY OF STRUCTURES IN EQUILIBRIUM 

Consider first a structure made of homogeneous iso- 
tropic material which obeys Hookers law. Let it be spec- 
ified in size and shape by a necessary and sufficient set 

of linear dimensions a, b, c, , and let the loads on 

it be P^, aP, PP, VP, and so forth, where a, V are 
dimensi onles s numbers. Young's modulus and Poisson^s 
ratio will be denoted by E and |x , 

^The loads are taken as forces. If they are couples 
(ll) or pressures (p), it is moroly necessary to write li/ a 
or pa^ instead of P v/herever P occurs. 
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These variables define the system. It will "be 
roGuired to determine certain features of its state, 
usually a force R, such as a redundant reaction, a 
force in a member, or a stiffener, a stress strain 

e, or displacement 6. The lengths a, b , c, , will 

be supposed to contain those necessary to specify the 
point at which any of these are to be found. Then each 
of the quantities 



can be expr-essed in terms of P, a, P, V , 



e I a, b , c , E, p, 



6 



(4) 



Let there be n quantities, counting one of the column 
on the left. There are only two fundamental measuring 
units involved, since each of the quantities in equation 
(4) can be measured when, for instance, units of force 
and length are given. Denoting these units by F and 
L, the dimensions of the quantities in equation_ (4) may 
be written in terms of these units, in order, as 



0 L, L, L IL 



-2 



(5) 



Since there are tv;o fundamental units n-2 dimensi onle s s 
products from any of the four sets of variables in equa- 
tion (4) can he formed, according to Buckingham's theorem. 
It is easily seen hy inspection that these may "be taken as* 



R/P 
e 

S/a 



Ea' 



a, p. Y h/a, c/a — , \i. 



(6) 



^ The constitution of the dimensi onless groups is not 
unique. For instance, P/Ea^ might be replaced by ^/^cr 

or "'"T^r for a column problem. 



TT^EI 
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There is one relation "between any one of the dimensi onles s 
groups in the column, and all the dimens i onles s groups in 
the row. Thus it is possi"ble to write 



s _ 



C^, a, p, Y — i. a — A 

VEa^ a a / 



( 



a ' a 



-, a, 3, Y --- ^, ^ — - M. 



b c 
a a 



he \ 
— -. - -— n 
a a y 



(7) 



where f ^ ( ), f ^ ( ), f 3 ( ), f 4 ( ). represent definite 
functional forms. These relations in fact stand for the 
solution of the problem in general form, covering, with 
invariable functional forms, all systems which can he got 
by giving particular values to the variables 
(4), and, of course, covering also all possible systems 
of measuring units. Thus in particular they cover a 
structure and its scale model. The conditions of similar- 
ity are the conditions that the functions on the right of 
equations (7) shall have the same numerical value when cal- 
culated for the structure as they have when calculated 
for the model, and the similarity relations are then ex- 
pressed by the equality of the groups on the left of equa- 
tions (7) calculated for structure and model* 

The functions (supposed single-valued) will have 
identical values for structure and model if the arguments 

have identical values. The ratios a, p, V are the 

same if the several loads of the model bear the same 
ratios to one another as the several loads of the struc- 
ture. The ratios ~. — , are the same for a model 

a a 4 
which is to scale in every significant dimension. 

It is often possible to relax these conditions by 
the use of knowledge of the problem beyond that afforded 
by dimensional analysis* Examples are given later. 
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Poisson^s ratio \x must "be the game (unless as in the 
case of trusses and rigid frames free of torsional action, 
it is known to without influence on the behavior con- 
sidered). Finally, it is necessary to make 



Ba^y \Ea^ 
/ m 



(8) 



Where the subscript m stands for "model" and s for 
"structure.*' Thus when the model loads are scaled down 
according to 

it will be true, by equating the left sides of equations 
(7), that 

F" F"' ~ rr " 7^ equation (8)); 

^s ^s ^s ^m^ ^s 



l£ = l; = f£ (10) 
®s ^s ^s 



These results may be expi^essed in an alternative way 
by observing that since, (the other similarity conditions 
being already fulfilled) if any given value of P/Ea^ 
is taken, the corresponding values of R/P , aa^/P, e, 6/a 
are then the same whether model or structure is considered, 
the curves of R/P, aa^/P, e, 6/a plotted against P/Ea^ 
from measurements on the model, at various loads Pjjj , are 
also valid for the structure. 

It is evidently permissible to make the model and 
the structure of different materials, so long as the 
Poisson^s ratios, if these are significant in the problem, 
are kept the same. 

The dimensi onless number P/Ea^ plays a part here 
which is analogous to that of Reynolds number (or the 
other characteristic numbers of fluid systems) in fluid 
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mechanics. It is proposed to call it, or any like quan- 
tity, the "strain number." 



The foregoing results are not restricted, as most of 
the calculations of structural theory are, to small dis- 
placements. They cover flexiljle structures, such as very 
thin rings, or very slender beams and columns, where the 
deflections are too large to have a linear relation to 
the loads, although the strain components themselves are 
small and the stress-strain relations are linear. The 
departure from linearity arises from the changing shape 
of the structure as it is loaded. There are also struc- 
tures in which the displacements, though small, signifi- 
cantly affect the action (e.g», the moment arms) of the 
loads, as in the beam under simultaneous lateral load and 
axial thrust • the '^beam-column,'* or the elastic cable, 
initially just taut, under lateral load, which has a dis-* 
placement proportional to the cube root of the load at 
first. All such cases are grouped under the "nonlinear" 
designation. 

On the other hand, there is the extensive linear 
group, where the displacements are linear functions of 
the loads, and the method of superposition is valid. 
This group, of course, includes the majority of stress 
problems. When this linearity can be assumed, it can be 
said that redundant reactions (unless the support is of 
a peculiar kind, such as a nonlinear spring), stresses, 
strains, and displacements will all be proportional to 
the load that is, to ?, 

Reconsidering equations (7) will lead then to the 
requirement that R/P is to be independent of P, and 
this requires that the function f^ should be independ- 
ent of the group P/Ea^ , or 



Since Young's modulus does not appear in any other group, 
it follows that R is independent of it; R may, however, 
still depend on Poisson's ratio. 



4. LINMR AND NONLINEAR STRUCTURES 




(11) 



Usually, in the linear type of structure, cr, e and 



UACA TH I^^o. 933 



10 



6 will be 
last three 
be written; 



proport i onal 
of equations 



to P, so that instead of the 
(7) the following equations may 



aa 
P 

e =! 



a 



Y 



a 



0 ^ 



(12) 



(a. Y —1. £ — 
a Ea^ \ a a / ^ 

The conditions of similarity are now merely the obvious 
ones of geometrical similarity and similar distribution 
of loads (a, 3, V the same for structure and model), and 
equal Poisson's ratio if this is of significance in the 
problem. With these fulfilled, 

R K,P. a = ~. e - K3 S - — (13) 



where K4 are constants, the same for both 

structure and model. Thus in linear structures one meas- 
urement of each kind, at a single load, on the model is 
in principle all that is necessary for the complete anal-- 
ysis of the structure. 

Alternatively it may be said that if the curves of 
R/P, aa^/P, e, 6/a against P/Ea^ are plotted from 
measurements on the model, the first two will be straight 
lines parallel to the P/Ea^ axis and the last two will 
be straight lines through the origin, and the diagrams 
will be equally valid for the structure. 

When the load includes the weight of the structure 
itself, represented by a specific weight w, a further 

dimensionles s group, for instance must be introduced. 

It is then convenient to replace the first two groups in 

/X R a 

the column on the left of equation (6) by — r» "^i which 

Ea E 

gives, in general, 



NaCa TN No. 933 



a 

i 



L 
a 



a a 



( 
( 



-) 

) 

) 
) 



(14) 



But if the structure is a *'solid" one, such as a dam (ref- 
erence 3), having small deformations which do not affect 
the action of the loads, it will be linear both as to P 
and w, and the problem divides itself into two, one to 
determine the effects of the gravity loading only, the 
other to determine the effects of surface loading only. 
In the dam problem the surface loading would be water 
pressures, which can be described by a maximum pressure 
p, together with dimensi onle s s ratios to describe the 
distribution of pressure. These may be omitted. Then 
instead of P/Ea^ , p/B may be used. Consider, in par- 
ticular, the stress c, which represents any chosen com*- 
ponent at any particular point. Since this is to be 
linear in both w and p, it is necessary that 



a wa /b c \ 



E * 



, M. 

a 



(15) 



The E now cancels, and it follows that the 
stress is independent of E, but depends on j-i » A model 
should have the same Poisson^s ratio, if it is signifi- 
cant, and must be geometrically similar. The functions 
f2 and then have the same value for both model and 

structure, and may be replaced by constants Ci and Cg , 
so that 



a - Wa c^p (16) 

The two parts may be determined by separate tests, 
using model material of any convenient density, or pro- 
ducing w centri fugally , (or replacing the body force 
problem by a surface load problem (reference 4)), 
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Different models, of different materials may "be used for 
the two tests^ so long as pi is kept the same. The ob- 
ject of the model tests may he regarded as the determina- 
tion of c^ and , It is evidently not necessary to 

put any restrictions on the manner hy which the pressure 
p on the model is created, although at first sight, if 
the system is taken as a single fluid-solid system, it 
might appear that the specific weight of the fluid should 
be included in the list of variables, and then that a 
fluid of a suitably different density must be used. Of 
course, a change from the di men si onl e s s relation (equa- 
tion (15)) to the dimensional form (equation (l6)) im- 
plies that the same measuring units will be used for both 
structure and model. 

In many cases it will be obvious that the condition 
of strict geometrical similarity may be dispensed with 
without loss of exactness. In simple trusses only the 
areas, not the individual dimensions, of cross sections 
are significant* When there is simple bending, the prop- 
er moment of inertia, and for torsion, the proper tor-- 
sional rigidity, may be provided without regard to shape. 
Here, of course, knowledge obtained from detailed analyses 
of bars as structural elements is employed. Considera- 
tions of this kind underlie Theodor sen * s discussion of 
similarity of propellers (reference 5) (as to vibrational 
frequencies) obtained by lengthening in one proportion 
and changing cross-sectional dimensions in another. For 
the differential equation of free flexural vibration of 
a bar may be written 



where p is the density, EI the flexural rigidity, and 
A the area of cross section, as functions of The 
process of solving this for the nonuniform bar to find 
the deflection y as a function of the axial coordinate 
X, aad determining the fundamental frequency, can be 
readily envisioned, even if not easily carried out, by 
anyone familiar with the process for the uniform bar. 
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being given functions, involving only dimens i onl e s s ~ 
that is, invariable, parameters* Then the equation can 
be written 



f 



(0 



dt^ 



= 0 



The frequency will then depend on the quantities 



and I, and on no other quantities* There is only one 
dimensi onles 9 combination of these quantities and the 
frequency f. It is the left member of 



f r 




(or any power of it) and this equation must hold with 0 
a constant (for a given mode) for all systems expressible 



by means of I . k^ , p, E, f 



and 



Since 



and f 2 
the I«s 
s ecti ons 
sy s t ems • 



are invariable functional forms, the ratios of 
and the ratios of the A^s for corresponding 
(x/i the same) must be the same for all the 
But there is no restriction to any particular 
shape of cross section, as by the proportional enlarge- 
ment of all dimensions of the cross section. 



Without the auxiliary information contained in the 
differential equation other dimensi onless arguments, such 
as T^/^Q would have appeared, and the conclusions would 

have been more restrictive. 

Dimensional analysis alone gives a basic form of 
similarity^ Further knowledge may give more general forms* 
It is a matter of obtaining the most detailed formula pos- 
sible - and there is at least that yielded by dimensional 
analysis - and considering what is the broadest class of 
systems to which it applies* The members of this class 
are then "similar" on the basis of the formula considered. 
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5. GOMPOSITS STRUCTURE 



If tile structure is not all of the same material, it 
will oe necessary to include in the row of independent 
varia>:les in equation (4) the several Young's noduli and 



Let these t e E , E;^ , 



and 



Poisson's ratios. 

forth, and u, p.^ , [x^ . Then to the row of dimension- 

less £;roups in (6) must he added E^^/S, E^/E , and so 

forth, and fXi , M'^ , , and the sar.e additions must be 

made to the ar^^uments of the functions in equations (?). - 
The conditions of similarity now include the identity of 

^i/S, Eg/E , p,^^ , for structure and models The 

similarity relations (equation (10)) then remain valid for 
the nonlinear type of structure, when the strain numbers 
P/Sa^ are made the same for model and structure. Corre- 
spondingly, the treatment of the linear structure is modi- 
fied merely by the addition of the requirement of identity 
of ^i/^t ^^/S , ix^ ^ , in both model and struc- 

ture, to the set of similarity conditions. 



6. PRESCRIBED DI SPLACBIiSNTS 



So far, the problem has been considered as one in 
which the loads are all given, and it is required to find 
reactions, stress, strain, and displacement. Consider 
nov/ ,::iven displacements, not necessarily small, the prob- 
lem bein^' to determine these same four quantities. In- 
stead of the variables in (4) there are now 



dcpendin^^ on U, a\ V ^ , 

a, b, c E, jj> 



(17) 



where the prescribed displacements are U, a»U, Y»U, 
and so forth. Again the number of dimcns i onl cs s groups 
must bo two less than the number of variables in (l7), 
counting only one of the column on the left. It is evident 
that they may be taken as 
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a/E 



5/a 



> 2., a' . P' , Y ' 
a 



a a 



— — (J, 



(18) 



and it is necessary to have 



R/Ea^ = 




a/B 




e : 




5/a 


= u ( 



b c 

a a 



) 



(19) 



The similarity conditions now include identity of for 
model and structure, if it its significant, and also 

= — - that is, the imposed displacements must be to 

a a 
m s 

scale. The similarity relations are then 



"m 



m^m 
s s 



m 



E 



m 



e 



m 



m 



^s * * ^s ' 



and, alternatively, curves of R/Ea^ , <^/E, e, u/a 
against U/a obtained from the model by varying Uj^^ are 

also valid for the structure. 



It may be observed that* E does not appear at all 
in the last two of equati ons ( 19) , There is no other quan- 
tity containing the force unit with which it can be com- 
bined to give a d imensi onl e s s group. It follows then 
that the distributions of strain and displacement are in- 
dependent of the Young's modulus. This is evident from 
the well-known differential equations of Lame for the 
special case of the linear structure, but perhaps not so 
evident for the nonlinear structure. 

In the Case of the linear structure R, cr , e, and 
6 are proportional to U , Hence equations (l9) must take 
the form 
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ct/E = ^ f, 
a 



U 



u 



or 



6/a = ^ f 



H = K^aU, 



( 

( 



u 



a 



a a 



U 



> (20) 



a 



and 



both model and structure where xv^ iv^ cl^ivx -m.^ 

constants, the same for both model and structure. 



J 

valid for 



are 



The additional arguments S^/S, E2/E, and so forth, 
and 10.2* and so forth, will he required in the func- 

tions of equati onr; ( 20 ) when the structure is composite, 
and the additional similarity conditions aye as before. 



7. MIXED CONDITIONS 



When there are prescribed loads at soiiie points, pre- 
scribed displacements (nonzero) at others, the set of 
variables consists of (4) and (l?) combined, and the gen- 
eral relations can be taken in the form 



aa3 



P 

e = f. 



a. 



3. -V — 



I 

a 



b 
a 



— p. 

a 



M21) 
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The similarity conditions are now geometrical similarity 
("b/a, c/a, etc., the same for structure and model), sim- 
ilar distribution of loads and prescribed displacements 

(a, ^, -y a\ Y» the same), identity of the 

Poisson*s ratios if significant, and also 

. 1m = !^ (33) 



These being fulfilled, the similarity relations (equations 
(10)) will again hold. The surfaces of H/P , aa^/P, e, 

S/a plotted against P/Ea^ and U/a, determined from 

the model, are also valid for the structure. 



8. CUHVED STRESS-STRAIIT R3LATI0NS 
LOADIITO BEYOND THE PROPORTIONAL 



AlTD ELASTIC LIMITS 



If the ordinary tensile or compressive stress-strain 
diaj^rani of the material of the structure is curved, it is 
customary to retain the term "Young's Modulus," for the 
slope of the curve. • It is no longer a constant b\it a 
function of the stress or the strain. The strain number 
P/Ea*^ now ceases to have any definite value characteristic 
of the v/holo structure and its load, Buckingham's theorom 
cannot be applied unless definite numerical values can, at 
least in principle, bo given to all the variables involved, 
and it does not necessarily hold unless there is just one 
relation between these variables. (See reference 2.) In 
the sot (4), with a on the left, there v/ould be a rela- 
tion between a and E as v;cll as the relation between 
all the symbols which is the required formula for a. 

In order to overcome these difficulties, it is ap- 
propriate to reconsider the whole process of determining 
s t r es strain relations experimentally, putting them in a 
form valid in all unit systems, and combining them with 
the equations of compatibility and equilibrium, and the 
boundary conditions, necessary for the solution of the 
problem. It is the stress-strain relations which require 
particular attention, no special measures being required 
to put the other equations in a form valid for all unit 
systems. In an experimental determination the stress and 
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strain will "be recorded in definite units, and the six 
components of stress , » and so forth, will he found 

as functions of the six components of strain (not neces- 
sarily small) e^ , 62, and so forth, say^ 

=^i(ei, e^ =^2(61, e^ etc. (23) 

These relations involve only specific numbers q_ "besides 
the o and e symbols, and they are, of course, true 
only in the units selected. 

Consider now the relations 

where , , and the e's are as yet merely arbi- 

trary parameters. When they are given the value 1, the 
relations ( equat i ons ( 24 ) ) become identical with equations 
(2o). They are now assigned the value 1 in the experimen- 
tal unit system. Let , £3 be assigned the dimensions 
of stress (i.e., their values in new unit systems are de- 
fined to be those obtained by applying the conversion 
factors appropriate to stress) and let the €'s be as- 
sign, ed the dimensions of strain (as discussed in sec. 2)» 
Then equati ons ( 24) are stress-strain relations of the ma- 
terial valid in all unit systems. For they are true in 
the original unit system. In a changed unit system the 

s change by the same factor as the cr ' s and the e^s 
by the same factor as the €^s, so that the ratios cr/S 
and e/c remain the same, and the equations remain valid. 
The numbers q involved in the functional forms <p are, 
of course, not changed when the unit system is changed. 
That is, they are dimens i onl es s numbers. 

The problem of determining a stress component o in 
a structure with loads P, aP , ^P , and so forth, and lin- 
ear dimensions a, b, c now involves (as dimensional 

constants) the E's and e's, the list being 

a, P, a, P , a, b, c , El, Eg, E3, , c^^, e^^, C22 — (25) 

Symbols E^, e^j, i = 1, 6, j = 1, 6 have been adc.ed 

and one additional fundamental unit (that of strain) is admitted. 

^'^Greep, effects of rate of strain, etc. are not taken 
into account. 
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There are consequently three fewer arguments than sym"bols, 
and they may he taken as those appearing in the functional 
relati on 

/ P „ . ^ __ £5- l2_ ll^ liJ.— ^ (26) 

= f ,a,p ,— , V ' V '€ 'e / 

P VEia^ a a 1 1 a 1 ^ 

This is the form the stress formula must take to he valid 
in all unit systems, when the material has the stress- 
strain relations (23) in the original unit system and the 
E's and e's are defined as ahove. 

It is necessary nov; to redefine the E's and €*s, 
allowing them to assume any values in the original unit 
system. Then equations (24) define a family of stress- 
strain laws. The E's and e's may change on account 
of a change of unit system, or on account of a change to 
another material. The general prohlem is now to find a 
stress formula to cover all systems ohtainahle oy varying 
the syahols in (25) (omitting a as the dependent variahle;. 
The dimensional analysis of this problem results in equa- 
tion (26) again. Let there oe a structure with definite 
values (in the original units) of all the symhols, includ- 
ing the E's and C»s, which are. of course, determined 
hy the material used. A model then may he constructed of a 
different material belonging to the family (equati ons t 24 ; ; . 
To he ahle to interpret its hehavior in the ahsence of 
further knowledge, it will he necessary to make all the 
arguments on the right of equation (25) the same as for 
the prototype. This again, of course, leads to geometrical 
similarity, similarity of load distribution, equality of 
the strain numbers P/E^a^, but also 




That is, the E's of the model material must be those of 
the structure material multiplied by some number and 
the €'s similarly with an independent factor . Thus 
if the stress-strain relations of the structure material 



are 



=$1 (ej, eg, ---), =$8 (ei, ---), etc. (28) 



6tt 



Hot Poisson's ratio. 
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in a definite unit system, those of the model material 
must be 




, etc . (29 ) 



These may he described as obtained by an affine transforma- 
tion from the former. In a two-dimensional problem where 
the variables are limited to those explicitly shown in 
equat ions (29 ) (except for a third relation, such as that 
of incompress ib ili ty , yielding a third strain component 
in terms of e-^ , ), in equat ions (28 ) could be rep- 

resented as a surface over an e^;^, e^ plane* Then the 
01 surface in equation (29) is obtained by deforming 
this surface by uniform extension in the -jO^ direction 
by the proportion X, and uniform extension in the e^j^ 
directions by the proportion [i^ The scales of g^, e^^, 
eg remain undeformed. The surface is treated sim- 

ilarly. In one dimension the stress-strain curve (eaua- 
tion (29)) may be imagined obtained by drawing that of 
the structure material (equation (28)) on a rubber sheet, 
on which is placed a rigid axis frame bearing the rigid 
scales, then stretching the rubber sheet under the frame 
to \i times its original length parallel to the strain 
axes, X times its original length parallel to the stress 
axis. The factors X and |a, may, of course, be arbi- 
trarily chosen. There is thus no necessity to make a 
model of the same material as the structure, even when 
curved stress-strain relations, elastic or plastic, are 
involved. But, in the plastic case, the functions $ in 
equati ons (28 ) are not, in general, s i ngle- valued , and, as 
pointed out in section 2, the dimensional analysis does 
not then necessarily hold. However, the functions become 
single-valued if a definite mode of loading and unloading 
is prescribed. Thus the values of T/'S-^a'^ for the model 

must go through the same values in the same order as the 
values of p/B^^a^ for the structure, for the above simi- 
larity rules to apply. 

When the same material is used in both model and 
structure, the ratios E^/b^^ , and so forth, ^is/^n* 

and so forth, in equation (26) are all unity. Similarity 
then requires, besides geometric similarity (b / a , c/a ) 
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and similar di s t r i out i on of load (a, g ), equality of 

the strain nura'bers P/S;^a^. Since the use of the ?aine 
units for ooth model and structure is nov/ contemplated, 
this means equality of P/a^. It then follows from equa- 
tion (26) that aa^/P is the same for both - for example, 
stresses at corresponding points are eaual. 

The arguments of this section may easily be extended 
to cover problems other than those of prescribed loads, 
such as those of prescribed displacements, or "mi-^ced" 
problems, which have been discussed in preceding sections 
for the ideal elastic material only. The modifications 
of the preceding treatments arc merely that E^^ replaces 
3, in strain numbers P/Ea^ , or R/Ea^ and the affine 
connection must hold betv/een the stress-strain relations 
of model and structure material* 

It v;ill be observed that the numerical value of 3^ 
in equations (24) can be chosen at v/ill in a given unit 
system. Different choices will result in com.pensat ing 
differences in the numerical coefficients. Once has 
been chosen in the selected system, however, its value is 
fixed in all other unit systems since it has the dimen- 
sionality of stress. It will sometimes be convenient to 
choose El as the elastic Young^s modulus of the material, 
for the sake of continuity with the elastic range in plot- 
ting. 

An example of a problem of nonlinear s t r es s - s t r ai n 
relations is provided by rubber springs, the rubber be- 
ing attached to steel mountings which may be regarded as 
undef ormable. This, as a problem of given load, is one 
involving two materials, steel and rubber, but no symbols 
need be introduced for the properties of the steel, since 
it ir, rigid. The preceding theory shov/s that a simple 
similarity relation can exist when the same materials are 
used for two such springs which are geometrically similar. 
In particular, when the sane rubber is vised in two geomet- 
rically similar springs the curve of U/a against "p/a^ 
is the same for both, the same units being used. Curves 
of this type have been published. (See reference 6.) The 
present discussion shows that they contain no "size effect. 

An example of similarity in the plastic range is af- 
forded by the simple tensile tost. The similarity of the 
deformed shapes and the identity of the stress-strain 
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curves, for specimens geometrically similar tut of differ- 
ent sizes, has been experimentally confirmed, and is known 
as Barba's law, (See, for instance, reference 7.) The 
dimensional analysis made shows that such similarity ex- 
ists generally (the stress depending only on the strain). 

It is of interest to compare the deformed shapes of 
two test pieces, or other structures, of the same size 
but of two different materials with affinely related 
stress-strain laws (equations (28 ) and (39)). A displace- 
ment formula must correspond to equation (26 ) with s/a 
on the left instead of aa^/P^ Then the values of 6/a 
for the two pieces are the same ~ that is, their deformed 
shapes are the same - when their values of p/E^^a^ are 
the samei If the pieces are of different sizes and geo- 
metrically similar in the undeformed state, they are also 
geometrically similar in the deformed state at equal val- 
ues of P/E^a^^ 

Nadai (reference 8) quotes as an example of similar- 
ity in elastic-plastic systems, which, of course, are in- 
cluded in the theory of this section as well as fully 
plastic systems, the case of a series of balls indenting 
blocks^ If the material is the same for all the balls 
and for all the blocks, and if the loads are as the 
squares of the ball diameters^ the stresses will be the 
same at corresponding points and the depths of the inden- 
tations and the diameters of the plastic zones on the 
block surface will be as the diameters of the balls, pro- 
vided the effects of time of loading are negligible, A 
time variable could be included in the dimensional anal- 
ysis and the similarity conditions correspondingly extended^ 



9. BUCKLING 



Returning to the problem of prescribed loads of sec- 
tions 3 and 7, in order to consider questions of stability, 
it is appropriate to review the several types of buckling 
which are now recognized. There is the idealized buckling 
of geometrically perfect struts , i llust rat ed by the load 
deflection curve of figure 1(a), where no deflection at 
all occurs until the critical load is reached at A, and 
above the critical load there is an unstable straight 
form B and a stable deflected form G» Secondly, there is 
actual buckling of a geometrically imperfect strut, of a 
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slenderness such that there is no failure of proportion- 
ality until well beyond "buckling:. This tehavior is illus- 
trated l3y figure iCt)). There is a unique deflection at 
each load, and no instability in the sense of fi^^ure l(a)# 
The sense of "buckling" here is, of course, the inordinate- 
ly rapid increase of deflection when the load is in the 
neighborhood of the Suler critical value^ 

Thirdly, there is buckling after the proportional 
limit has been exceeded (see, for instance, reference 9), 
characterized by the type of load deflection curve shown 
in figure iCc)^ Here there is true mechanical instability 
at and beyond the maximum load point, and this maximum 
load is the critical load. 

Finally, there is buckling of the snap-over, or "oil- 
canning," type of which the kinds of curve shown in fig- 
ure 1(d) are characteristic^ The sketch in figure 1(d) 
of a slightly curved bar or plate with rigid or stiff end • 
or edge constraints and a transverse load illustrates one 
way of realizing such a curve, (See reference 10. ) It 
appears that the buckling of shells may belong to this 
type rather than to that of figure 1(a) or 1(b). Points 
on the rising part of the curve OA represent stable 
forms, but there are alternative forms at larger deflec- 
tions, to which the system may jump when assisted over 
the peak by a suitable impulse. (See reference 11, ) 

Instead of 1 o ad-def 1 e c t i on curves (P against 5) 

P g 

may be plotted against regarding them as ex- 

Ea^ ^ 

6 P 

amples of the — against curve discussed in section 
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S. These curves are then valid for ^oth a model and its 
prototype. However the critical load in figures 1(a), 
1 )» 1 (c ), and 1 (4 ) may be defined, it will "be done by 
singling out a particular point of this curve, and this 
point will characterize the buckling for both model and 
structure. Thus buckling will be characterized by a de- 
finite strain number p/Sa^ whether the displacements 
concerned can be regarded as small or not^ This is evi- 
dently analogous to the characterization of turbulence by 
a definite Reynolds number. The critical loads P 

m cr 

and P _ of model and structure are related by 
s cr 

P S a 

mcr _ rn m 

P E a 2* 

scr s s 

Where curved stress- strain relations, elastic or in- 
elastic, must be considered, the discussion in section 8 
permits making the same statement about the strain number 
p/a^^a^. If model and structure are of the same material 



P P 

mcr _ scr 

2 2 

a a 
m s 

(the same units beic-g used for both) and the critical 
stresses are the same whether the buckling is within the 
elastic range or not ^ 

II. TESTS ON BUCKLED THIN SQUARE PLATES IN 
SHEAR, WITH AND WITHOUT HOLES 



SUMMARY 



In order to test the validity of similarity principles 
for structures involving buckling and plastic flow, meas- 
urements of strains and displacements were made, at 
Cornell University, on square thin sheets in shear, with 
and without holes. With certain exceptions, the measure 
ments follow closely the indications of the similarity 
principles. The results are shown in figures 5 to 13, 
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which are dimensi onle ss plots of the measurements. For 
similarity the points in each figure should fall on a 
single curve. 

10, THE TEST PHOGEAM 



It appears from the engineering literature that the 
possibility of drawing such conclusions as those of part 
I is frequently overlooked, and that unnecessarily elab- 
orate and expensive model testing has been carried out in 
recent years. Similarity in the plastic range is well 
known to some, but others have denied the possibility of 
it on the grounds that the physical constants required for 
the specification of plastic behavior in metals are not 
defined. Barba^s investigation of similarity in the ten- 
sile test has been referred to in section 8, No record 
has been found of investigations of similarity in plastic 
bending or torsion, but in view of the dimensional analy- 
sis of section 8 there can be little doubt that it would 
be found to exist, No tests of this kind were therefore 
included in the program. 

The aircraft problems of chief interest are those of 
thin-walled structures. The difficulty of making satis- 
factory thin-walled models has been emphasized by Saunders 
and Windenburg (reference 12 ), and others. The wall 
thicknesses in the prototype being already small, those 
of a small model will be very small, and lack of flatness 
of the sheets becomes proportionately more important. 



11, TEST SPBCIMEir AND QUANTITIES TO BE MEASUEED 



The structure chosen for the tests was the square 
panel of thin sheet 24S-T aluminum alloy confined in a 
hinged frame of "rigid" bars (heavy angle irons were em- 
ployed ) and subjected to shear, as indicated diagrammat- 
ically by figure 3^ Specimens with and without central 
lightening holes were tested. Three sizes of frame (de- 
signed as nearly as possible to be geometrically similar 
- see fig, 3, table I), two sizes of hole, and five 
thicknesses of sheet were used^ This structure presents 
certain of the fundamental problems of the thin vveb beam - 
the strength of the panel and its mode of wrinkling, 
which are important in themselves - and affords a 
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convenient trial of the possibility of making reliable 
small scale tests when thin flat sheets are involved. As 
treated here, it is essentially a problem of large dis- 
placecaents going "beyond the elastic limits 

Taking the bars of the hinged frame as rigid, the 
problem involves deflections (6), stresses (a), and strains 
(e ), in a plate defined by the following quantities: 

The side of the square (a) (inside dimension of 
angle frame ) 

The thickness of the sheet (t ) 

The diameter of the central hole (D ) 

under a ^^shearing load^ P (fig. 2 ). 

The dimensional analysis then indicates relations of 
the form 



a 


= ^1 




t 

a 


D 

> 

a 




a 

E 






t 
a 


D 
a 




e 




/-£-, 


t 

— > 
a 


— » 

a 





where B is a dimensional constant as defined in section 
8 if there is plastic deformation, or a curved stress- 
strain relation, or merely Young's modulus below the elas- 
tic limit. In any case, when the model is of the same ma- 

6 P 

' terial as the prototype, the curves of against — , 

^ a^ 

of a against and of e against — are the same 

t P 

for all panels in which ^ are the same^ Por this in- 

a a 

vestigation, Young's modulus of 10.5 X 10^ was used for 
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B, and all curves were plotted against — • Since the 

Ea^ 

strain, not the stress, can "be measured directly, the test 

curves are of «^ and e* 
a 

The aeasurement s of the panels proposed for the tests 
are shown in table II, The entries connected hy broken 
lines are groups with the same values of "both t/a and 
U/a, Tout represent panels of different size. The choice 
of these was governed "by the available thicknesses of 
sheet. Similarity is established if points of all mem- 
bers of each group fall on the same dimens i onless curve^ 

TABLE I (See fig. 3) 
FRAME DIMENS IONS 



Dimensions 


Large frame 


Medium frame 


Small frame 


a 


38 '» 


17.4" 


8 .75" 




31.6" 


19,58" 


9.81" 


c 
d 
e 
f 

e 


36.0" 

3i" 

4 X 3 V3 X i 


22.4" 

3/4" 
3/8" 
2.0" 

2-|- X 3 X 5/ 16 


11.25" 

3/8" 
3/16" 

1 ^/l6 

li X iVp X 3/I6 



12, EXPERIMENTAL PROCEDURS AND APPARATUS 



The hinged frame holding the plate was supported lat- 
erally and loaded by means of a hydraulic jack, (S^.^e fig. 
2t ) The deflection 6 was measured across the lor-g 
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diagonal by means of a dial gage, this measurement being 
independent of any rotation of the supporting wall. 

The strain measurements were made with the SR-4 tyoe 
A-1 Baldwin Southwark electrical strain gages. The ^ages 
were connected in the dummy-gage temperature compensated 
bridge circuit shown in figures 4 and 25. The bridge 
sensitivity was 0,000026 inch per inch per millimeter on 
a graduated slide wire for null balance of the bridge. 

In plates without holes, the electric strain gages 
were placed along the center line of the diagonal tension 
fold, which appeared at approximately 42° with the hori- 
zontal sides. Two of the gages were placed in a direc- 
tion perpendicular to this line, one on each side of the 
sheet, so as to measure the bending and direct compression. 
In plates with holes, the gages were placed at the edge of 
the hole at the positions of maximum bending and maximum 
tension. These positions can be seen in the photographs 
of the test specimens (figs. 26 to 40). 

In addition to the preceding measurements, the maxi- 
mum amount of lateral buckling y was measured from the 
initial plane of the plate. This appeared at the middle 
of the center diagonal tension fold for specimen without 
holes, and at the edge of the hole along a line approxi- 
mately 42° with the horizontal sides for specimen with 
holes , 



13, TEST RESULTS 



Measurements of the specimens tested are given in 
table III. Because of the variation in actual sheet 
thickness from values contemplated, it was not always 
possible to obtain exact duplication of numbers given i 
table II, 

Four sets of curves were drawn for each similarity 
group. (See figures 5 to 12.) They are: 

Curve (a ) 

Curve (b ) 

Curve (c ) 

Curve (d ) 



Tensile strain 




a ga i n s t 


P/Ea^ 


Bending strain 




against 




Diagonal displacement 


5/a 


against 


P/Ea^ 


Lat eral d is placement 


y/a 


against 


P/Sa^ 
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The direct compressive strain in each case was found to 
he quite small and was therefore not plotted. The follow- 
ing symhols were used in drawing the curves. 

A values for small frame 

X values for medium size frame 

o values for large frame 

Figures 13 to 24 represent a summary of the average 
curves grouped in such a way to show the variations due 
to different values of t/a and D/a, 

Photographs of the specimens are shown in figures 
35 to 42. Tabulated data for the curves are given in 
the appendix. 



TABLE II.- PROPOSE]} TEST SPECIMENS 



S imilarity 
group 


D 
a 


t 


36" frame 22.4" f rame ' 1 1 . 25 " frame 
a = 28.0"! a = 17.4" a = 8.75" 

1 X 10= 1 X 10= 1 1 X 10= 

L 1 


i 


0 
0 
0 
0 
0 


0.064 
.051 
.040 
.032 
.020 


228.. ' 358^ 
182^~"|-. 

^"^230.. " 
114-^1.^ ^"""184 ^--L "365 
--115 , ^~~229 
1. 1_ 


II 


0. 428 
.428 
.428 
.428 
.428 


0,064 
.051 
.040 
.032 
.020 


228... 368 , 

132 ^ " - 

",-^^ 230 ^ - 

' " 184 ... ^365 
1 1 ^ 229 


III 


0,643 
.643 
.543 


0.064 
.040 
.020 


228~_|_ ' 
1 230 - ^ J. 

~ - 229 
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(Key to Curves, Figs. 5 to 24) 



G-r cup 


D 
a 


_ X iU 

a 


Tensile 
strain 


Bond- 
ing 
strain 


Diag- 
onal 
di s place- 
ment 


Lat eral 
d i s place - 
ment 


I 


0 
0 
0 
0 


364 
238 
183 
117 


Fig. 5 (a ) 
Fig. 6 (a) 
Fig. 7 (a) 
Fig. 8 (a) 


) 

(b ) 

) 


(c ) 
(c) 


(d ) 
(d) 
(d) 
(d) 


(c) 


II 


0»428 
.428 
.428 


364 
22 9 
182 


Fig. 9 (a) 
Fig. 10 (a) 
Fig. 11 (a) 


(b) 
(b) 


(c) 
(c) 
(c) 


(d) 
(d) 
(d) 


III 


0,643 


228 


Fig. 12 (a) 




(c) 


(d) 



SUMMAHY CURVeS I 



Group 


D 
a 


Figure 


Ordinate 


Ab s c i s sa 


Paramet er 


I 


0 
0 
0 
0 


13 
14 

15 
16 


P/a^E 
P/a^S 
P/a^E 
p/a^E 


e IP 

6/a 

y/a. 


t/a 
t /a 
t /a 
t/a 


II 


0.428 
.428 
.428 
.428 


17 
18 
19 
20 


p/a^E 
p/a^E 
p/a^E 
P/a^E 


erp 

5/a 
y/a 


t /a 
t /a 
t/a 
t 


I II III 


t/a 

2r;c 

2C'>0 
2;"w0 


21 

22 
23 
24 


p/a2-Ki 
?/a-TJ 


6/a 
y/a 


r/a 

I>/a 
i)/a 
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TABLE III.- SPECIMENS TESTED 



S imi- 
larity 
gr o\ip 


D 
a 


t 

nom inal 


36" frainer22.4" frame j 11,25" frame 
a = 28.0"^ a = 17.4" |_ a = 8.75" 


1 X 10^ ' 1 X 10^ 1 1 X 10^ 
a 1 a 'a 


I 


0 
0 
0 
0 
0 


0, 064 
.061 
.040 
.032 
.020 


1_ ^ 

182 "-l-^ ^.1 

^ ^1 230^ i" 
114 ^ J ~184 -J- _ "-360 
1 ^^121 1 ^^240 


II 


0.438 
.428 
.428 
.428 
.428 


0.064 
.051 
.040 
.032 
.020 


228 ^ 1 368 ' 
182^^1--. "^.,| 

""'-■^~'230_ "--^ 

1 "~" 181 ^ 360 
1 ~"^229 

^ L 


III 


0.643 
.643 
.643 


0.064 
.040 
,020 


228-^1 1 

r-~23o^ , ^ _ 

' ^-^228 

1 . ._L 



14. EXPECTED EEHORS 



Similarity measurements must "be made over geometri- 
cally similar regions. This requires that the strains *be 
measured over geometrically similar gage lengths as well 
as geometrically similar positions. Since the size of 
the electrical strain gages used for strain measurements 
was invariable, the strain areas covered hy these gages 
were proportionately larger for the small specimen com- 
pared to the large specimen. In regions where the varia- 
tion in strain is large - that is, near the edge of the 
central lightening hole - this deviation from similarity 
may "be expected to introduce large variations in the 
strains measured. To investigate the magnitude of such 
variations, the following analysis was made. 

Stresses in the radial and 9 directions near the 
edge of the hole, due to shear, are first obtained "by 
superimposing uniform tension and compression, equations 
for which are given "by Timoshenko, (See reference 13, 
77. ) 
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Fig. 43. 
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Strain in the 0 direction at A due to shear. 
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The strain concentration as a function of the radial 
distance is plotted nondimens i onally in figure 47. The 
position and dimensions of the strain gages are shown in 
figure 48. For each case, the center line of the tensile 
gage was 0.34 inch from the edge of the hole. The strain 
concentration for the various panels and the calculated 
variations are given in tahle IV. The analysis indicates 
a possible strain variation of 39 percent* Variations of 
this magnitude v/ere found only in one test. However, it 
should he remembered that in all tests the load was car- 
ried v/ell heyond the proportional limit; while the analysis 
holds only "below the proportional limit. 
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15. DISCUSSIOET OP TEST RESULTS 



In the test curves (figs. 5 to 12), similarity in 
the hehavior of the specimens of different sizes is dem- 
onstrated if the test points for the different specimens 
fall on a single curve. In several cases this occurs 
very accurately. In several others there is considerable 
scatter, raising the question v;hether this is due to in- 
correct expectations of similarity, to causes which 
prevent satisfactions of similarity, or to errors of 
measur ement s • 
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The answer to th i s - que s t i on cannot te made with any 
assurance. No reason can lie found for the alinemcnt of 
test points for one group of specimens and the scatter of 
points for the same measurements of another group^ How- 
ever, some possilDle causes for this lack of uniformity 
can he listed as follows? 

1. Possible variation in the properties of the dif- 
ferent sheets 

2» Variation of sheet thicknesses 

3v Sheets were cut and used without reference to the 
direction of rolling 

4. Clearance in the holt holes, "both in the sheets 

and the frames, is approximately the same for 

the three sizes of specimen, thereby being 

proportionately larger for small specimens 

compared to the large specimens. 

5. Exact duplication of similar positions for the 

electrical strain gages was difficult to obtain 

6. Size effect of electrical strain gages (discussed 

under errors ) 

7. Because of large differences in range of loads 

betv/een large and small specimens, it v;as nec- 
essary to use tv/o different sizes of hydraulic 
jacks for loading. The release load at the 
end of each stroke is different for different 
jacks. 

8. The method of measuring lateral deflection of 

sheets was not entirely satisfactory, A heavy 
bar Was placed across the frame and the dis- 
tance between it and the sheet was measured. 
This method v/a§ found to be somev/hat unreliable 
in that the frame edges were not always free 
from rotation, 

9. Yielding of test jig is greater for larger speci- 

mens and although the diagonal displacement 
should be independent of any small rotation of 
the supporting wall, if such rotation produces 
bending of the frame, it could result in errors 
of the diagonal measurement* 
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The average curves of figures 5 to 12 were replotted 
in figures 13 to 24 to siiov; the variations resulting from 
changes in t/a and D/a. The results appear reasonable 
in that none of the curves crossed out of order from 
their proper domain. 

The results as a whole indicate a reasonable degree 
of similarity attained in most specimens. An average of 
the probahle error of the various measurements was esti- 
mated from the curves to "be as follows J 

(perc ent ) 

ej - 8 

e^ - 10 

^ - 10 

a 




Variations of at least twice the average errors may "be 
expected in individual measurements. Improvement in the 
technique of testing and measurement should result in 
greater accuracy. 



16. CONCLUDING REMARKS 



The test program was carried out with the degree of 
accuracy usually met hy aircraft industries, and no ef- 
fort v/as made to go beyond this in refinements. Con- 
sidering the difficulty of satisfying accurately to every 
detail the similarity conditions for thin~v/alled section, 
the test results indicate a fair degree of similarity 
established. It is the authors^ opinion that greater ac- 
curacy can be obtained with further refinements. 
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APP3KDIX TO PART II 
SYilBOLS 

t thickness of sheets 

a inside di.mensions of sheet (See fit?. 3.) 
D diaiiieter of hole (See fig. 3.) 
P load pounds (See fig. 2.) 

6 displacement along diagonal (See fig. 2.) 
^1 ^2 ®3 ^4 strains 

erp strain parallel to tension fold 



1 

bending strain Jl_ to tension fold \ r ) 

\ ^ / 



e^ compressive strain _L to tension fold 



c 



lateral dispLacoinent of sheet 



- e 



4 
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Figure 4.- Ulectrical strain gage circuit. 
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Fisure 42.- Relative sizes of frames. 
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